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We consider two helical liquids on opposite edges of a two-dimensional topological insulator, which
are connected by one or several local tunnel junctions. In the presence of spatially inhomogeneous
Rashba spin-orbit coupling, the spin of the helical edge states is momentum dependent, and this
spin texture can be different on opposite edges. We demonstrate that this has a strong impact on
the electron transport between the edges. In particular, in the case of many random tunnel contacts,
the localization length depends strongly on the spin textures of the edge states.
PACS numbers: 71.10.Pm, 72.10.Fk
I. INTRODUCTION
An important feature of a two-dimensional topological
insulator (quantum spin Hall insulator) is the presence
of edge states at the interfaces with a trivial insulator
or the vacuum [1, 2]. These one-dimensional edge states
are helical, i.e., the spin of an electron is correlated with
its momentum. If the system is time-reversal invariant,
two electrons with opposite momenta form a Kramers
pair and cannot be coupled by time-reversal invariant
perturbations [3, 4]. As a consequence, non-magnetic
impurities should not lead to localization of the electrons
propagating on the edges, and the transport is expected
to remain ballistic even in the presence of disorder.
Several physical mechanisms lead to deviations from
these simple predictions: it was realized early on that
interactions can cause inelastic two-particle backscatter-
ing, which is allowed by time-reversal invariance, and
thus change the conductance at finite temperatures [5].
Strong interactions can even open a gap in the edge state
spectrum [6, 7]. Moreover, magnetic perturbations can
lead to backscattering, and can thus affect the conduc-
tance [8], or even cause localization [9].
If we consider a long and narrow two-dimensional topo-
logical insulator (length L, width W  L), backscatter-
ing between helical states on opposite edges may become
possible without breaking time-reversal invariance. How-
ever, if W is larger than the decay length of the edge
states into the bulk the overlap between states on op-
posite edges is still exponentially suppressed [10]. One
way to produce backscattering is to couple the helical
states on opposite edges by local tunneling [11–13]. On
the one hand, such processes may be realized intention-
ally at point contacts formed either by lithographic tech-
niques or by appropriate gating [14], depending on the
topological insulator material, and interesting transport
properties have been predicted [15–20]. On the other
hand, tunneling between opposite edges may also emerge
accidentally in narrow samples if the bulk material is suf-
ficiently disordered, so that charge puddles [21, 22] can
connect opposite edges. As long as this transport remains
elastic and the puddles are dilute, such a system can be
modeled using local tunnel contacts at random positions
and with random tunnel amplitudes.
To investigate these systems, we are going to em-
ploy the concept of generic helical liquids proposed in
Ref. [23]. Such a generic helical liquid provides a rather
general template for time-reversal invariant helical edge
states in which the electron spin is not necessarily a good
quantum number. This situation can arise in all proposed
topological insulator materials to date by effects such as
bulk inversion asymmetry, structural inversion asymme-
try [1], or Rashba spin-orbit coupling [24]. The most im-
portant consequence of the broken axial spin symmetry
is a rotation of the spin quantization axis of the helical
eigenstates as a function of momentum.
It was shown in Ref. [23] that in this case, the
projections of left-moving and right-moving eigenmodes
on a fixed spin axis are determined by a momentum-
dependent spin rotation matrix Bk. Certain symmetries
of the rotation matrix Bk, which we refer to as the “spin
texture” of the edge state, are fixed by unitarity and
time-reversal invariance, but its amplitude can be tuned
locally: for instance, in HgTe quantum wells, a spatially
inhomogeneous electric field perpendicular to the plane
of the topological insulator will induce Rashba spin-orbit
coupling [24] with different amplitudes on different sam-
ple edges. In such an experiment, the spins of the helical
states at the Fermi energy µ on opposite edges will be
tilted relative to each other by an angle θ(µ). In this pa-
per, we will show that a nonzero θ(µ) has a strong effect
on the current-voltage characteristic.
Our starting point is two generic helical liquids with
different spin rotation matrices Bk,U and Bk,L living
on the upper and lower edges, respectively, of a narrow
2D topological insulator. We will calculate two-terminal
transport properties, where a bias voltage is applied be-
tween the left side and the right side of the sample as
shown in Fig. 1. First, we will investigate the effect of a
single tunnel contact between the upper and lower edges,
and show that tunneling can lead to forward scattering
as well as backscattering depending on θ(µ), see Fig. 1.
Next, we will add a second tunnel junction and show that
interference effects make it possible to determine θ(µ)
ar
X
iv
:1
30
5.
18
75
v2
  [
co
nd
-m
at.
me
s-h
all
]  
28
 O
ct 
20
13
2ψU+ ψU-
ψL-ψL+
μ+V μT1cos2θ T1sin2θ 
x1
k
E(k)
k
E(k)
μ
μ
FIG. 1. For a single point contact, the angle θ(µ), see Eq. (11),
determines the branching ratio of right movers on the upper
edge into right- and left-movers on the lower edge. The right
panel shows the spectra of the upper and lower edges for V =
0. θ(µ) is given by the difference in spin axis rotation at the
Fermi energy. For clarity, we set ϑ1 = 0, which corresponds
to spin-conserving tunneling.
from a conductance measurement. Finally, we will con-
sider a large number of random tunnel contacts. Even for
conventional helical liquids where spin is conserved, this
type of disorder leads to localization and to a suppression
of the conductance G ∝ 2G0e−L/`, where G0 = e2/h is
the conductance quantum, L is the sample length and ` is
the localization length. For our model, we shall show that
` depends strongly on θ(µ). Since θ(µ) depends on the
Rashba spin-orbit coupling strength, we predict that the
localization length of a narrow two-dimensional topolog-
ical insulator in a two-terminal configuration is strongly
sensitive to a spatially inhomogeneous electric field.
II. ONE POINT CONTACT
We start by considering a single point contact between
two helical edges along the x direction. After linearizing
the spectrum, the kinetic part of the Hamiltonian for the
two edges is given by
Hkin = −ivF
∑
η=U,L
∑
α=±
α
∫ ∞
−∞
dxψ†ηα(x)∂xψηα(x), (1)
where η labels the upper (η = U) and lower (η = L)
edges, each of which hosts right-movers (α = +) and
left-movers (α = −). We use units ~ = 1, e = 1. In gen-
eral, the eigenstates ψk,ηα of this Hamiltonian, where k
is the momentum along the x direction, need not be spin
eigenstates [23]: effects such as bulk inversion asymme-
try, structural inversion asymmetry or Rashba spin-orbit
coupling break the axial spin symmetry. The projections
of the helical eigenstates ψk,ηα on states with definite spin
along an arbitrary but fixed spin quantization axis, ψ˜k,ησ
with σ ∈ {↑, ↓}, can be encoded into a 2× 2 momentum-
dependent rotation matrix [23](
ψ˜k,η↑
ψ˜k,η↓
)
= Bk,η
(
ψk,η+
ψk,η−
)
, (2)
where η = U,L. The two rotation matrices Bk,η of the
upper and lower edge are in principle independent of each
other because the spatially separated edges can be sub-
ject to different gate voltages and Rashba spin-orbit cou-
pling strengths. The resulting band structure is schemat-
ically shown in Fig. 1. The matrices Bk,η are unitary, and
as a consequence of time-reversal invariance, satisfy the
condition Bk,η = B−k,η. Concrete expressions for Bk,η
for helical edge states in HgTe/CdTe quantum wells in
the presence of Rashba spin-orbit coupling where shown
in Ref. [23].
As a first step, we are going to consider the effect of
a single point contact at the position x1 between the
two helical edges, see Fig. 1. The Hamiltonian is H =
Hkin +H1(x1), where
Hj(x) = γj cos(ϑj)
∑
σ=↑↓
[
ψ˜†Uσ(x)ψ˜Lσ(x) + H.c.
]
+γj sin(ϑj)
∑
σ=↑↓
[
ψ˜†Uσ(x)ψ˜L−σ(x) + H.c.
]
. (3)
We allow both spin-conserving and spin-flip tunneling,
parametrized with the real amplitudes γ1 cos(ϑ1) and
γ1 sin(ϑ1). The Fermi wavelength should be large com-
pared to the width of the tunneling region in order to
model the tunneling as local.
Our first goal is to determine the total current flow-
ing along the x-direction if the system is coupled to
two reservoirs held at chemical potentials µ− = µ and
µ+ = µ + V on the right and left sides, respectively.
These reservoirs thus define the chemical potential of the
right-movers (µ+ V ) and left-movers (µ). For the calcu-
lation of the current in this nonequilibrium situation, we
employ Keldysh Green’s functions (GF), which we define
as (for α ∈ {+,−}, σ, τ ∈ {↑, ↓} and η ∈ {U,L})
gααη (x, t) = −i〈TCψηα(x, t)ψ†ηα(0, 0)〉0 (4)
g˜στη (x, t) = −i〈TC ψ˜ησ(x, t)ψ˜†ητ (0, 0)〉0. (5)
Here, TC denotes the Keldysh time-ordering operator and
the expectation value is taken with respect to the un-
perturbed Hamiltonian Hkin. The Fourier transforms of
these GF are related via the spin-rotation matrices,
g˜στη (k, ω) =
∑
α=±
Bσαk,η
[
B−1k,η
]ατ
gααη (k, ω), (6)
where the unperturbed Green’s function of the eigen-
states of Hkin at zero temperature reads
gααη (k, ω) =(
(ω − αvF k + isδ)−1 −ipiδ(ω − αvF k) (s− 1)
−ipiδ(ω − αvF k) (s+ 1) −(ω − αvF k − isδ)−1
)
.
(7)
Here δ = 0+ is infinitesimal and s = sign(ω − µα). To
obtain the Green’s function in the presence of the sin-
gle point contact from the unperturbed one, we use a
3Dyson equation. For the spin-resolved Green’s function
G˜στηζ (x, x
′, ω), we find (for σ, τ ∈ {↑, ↓} and η, ζ ∈ {U,L})
G˜στηζ (x, x
′, ω) =g˜στη (x− x′, ω)δηζ
+γ1 cos(ϑ1)
∑
υ=↑↓
g˜συη (x− x1, ω)G˜υτ−ηζ(x1, x′, ω)
+γ1 sin(ϑ1)
∑
υ=↑↓
g˜συη (x− x1, ω)G˜−υτ−ηζ (x1, x′, ω). (8)
In general, the total current can be written as an integral
over a function which depends only on the combination
B†k,UBk,L of spin rotation matrices. To obtain a simpler
expression we use the following form of Bk,η [23]
Bk,η =
(
cos(θk,η) − sin(θk,η)
sin(θk,η) cos(θk,η)
)
, (9)
where, according to Eq. (2), the angle θk,η, as a function
of momentum k and the edge η, determines the rota-
tion of the spin quantization axis of the eigenstates of
Hkin, with respect to the fixed spin orientations ↑, ↓. As
shown in Ref. [23], one obtains Eq. (9), e.g., by adding
Rashba spin-orbit coupling to the Bernevig-Hughes-
Zhang Hamiltonian for HgTe/CdTe quantum wells [25],
or for topological insulators based on InAs/GaSb het-
erostructures [14, 26]. For the current, we find I(V ) =∫ V
0
dωG(µ+ω), where G(µ) is the two-terminal differen-
tial conductance for a system held at chemical potential
µ,
G(µ) = 2G0
{
1− T1 cos2[θ(µ) + ϑ1]
}
. (10)
Here, G0 = 1/(2pi) = e
2/h is the conductance quan-
tum and T1 = 4Γ1/(1 + Γ1)
2 the tunnel probability with
Γ1 = γ
2
1/(2vF )
2. The conductance and the current de-
pend only on the difference
θ(µ) = θµ/vF ,U − θµ/vF ,L, (11)
where the angles θµ/vF ,η for η = U,L are defined by
Eq. (9). The conductance G(µ) is a function of the an-
gle ϑ1, which depends on the microscopic details of the
tunnel junction, as well as on θ(µ), which is a global prop-
erty of the helical liquid. According to Eq. (10), the angle
difference θ(µ) has a strong impact on the conductance,
because it determines the amount of right-movers on the
upper edge that become left-movers or right-movers in
the lower edge after tunneling, see Fig. 1. In the limit
of strong tunneling (T1 → 1), the conductance from left
to right can change from zero at θ(µ) = −ϑ1 to 2G0 at
θ(µ) = pi/2− ϑ1.
III. TWO POINT CONTACTS
Next, we extend the system by adding a second point
contact [17, 27–29] at position x2 with the tunnel ampli-
tude γ2 and angle ϑ2, i.e., H = Hkin +H1(x1) +H2(x2).
0
pi
2pi
2
φ
2
T1 =0.1, T2 =0.1 T1 =0.1, T2 =0.9
0 pi/4 pi/2
θ
0
pi
2pi
2
φ
2
T1 =0.4, T2 =0.6
0 pi/4 pi/2
θ
T1 =0.9, T2 =0.9
0.0
0.5
1.0
1.5
2.0
FIG. 2. Conductance (in units of e2/h) of a 2D topological
insulator with two tunnel junctions as a function of the angle
θ(µ) and distance between tunnel junctions ∆x2, where φ2 =
∆x2µ/vF . We use ϑ1 = ϑ2 = 0, which corresponds to spin-
conserving tunneling.
The distance between the two point contacts is ∆x2 =
x2 − x1. From here on, we assume that the rotation
angles θk,η change very slowly with k, only on a large
momentum scale k0  kF . Furthermore we assume that
the distance between tunnel contacts is large compared
to the Fermi wavelength, i.e., ∆x2  1/kF . To calcu-
late the current in this system we have to solve a Dyson
equation analogous to Eq. (8) but with a second contri-
bution for the second tunnel contact at x2. At the special
points x, x′ ∈ {x1, x2} this Dyson equation forms a sys-
tem of linear equations which we can solve for G˜. In a
second step, we use this solution in the Dyson equation
again to find also the solution for arbitrary x, x′. For real
tunneling amplitudes and using Eq. (9), the conductance
reads
G(µ) =
2G0
{
1− T1 cos2[θ(µ) + ϑ1]
}{
1− T2 cos2[θ(µ) + ϑ2]
}∣∣1 +√T1T2 cos [θ(µ) + ϑ1] cos [θ(µ) + ϑ2] e2i∆x2µ/vF ∣∣2 .
(12)
We find interference patterns between the different paths
that depend on the phase φ2 = ∆x2µ/vF acquired by an
electron when passing through the loop formed by the
two tunnel junctions. Multiple traversals of this loop
yield a geometric series which leads to the denominator
of Eq. (12). The conductance as a function of the phase
φ2 and the spin rotation angle θ(µ) is plotted for differ-
ent tunnel probability combinations in Fig. 2. For equal
tunnel strengths T1 = T2, we always find the maximal
conductance of 2G0 at the resonance condition φ2 = pi,
4even for very weak tunneling. This can be interpreted
as Fabry-Pe´rot resonances which remain visible in the
current as long as V  vF /∆x2. In setups where the
distance between the two tunnel contacts is tunable with-
out effecting the other parameters, varying ∆x2 makes it
possible to measure θ(µ) as a function of µ.
IV. DISORDERED SYSTEM
Finally we will examine a large number N of point
contacts between the two edges at random positions xj
and with random tunnel amplitudes γj , ϑj as depicted
in Fig. 3. At the end we will perform a disorder average
over the xj , γj and ϑj . This model captures the physics
of narrow samples where the helical edges are connected
by charge puddles [21, 22, 30] that originate from doping.
We effectively describe this by a set of tunnel Hamiltoni-
ans
HN =
N∑
j=1
Hj(xj), (13)
which we add to Hkin. We assume that the positions
xj are uniformly distributed in a region of length L, and
that the density n = N/L of point contacts is small, i.e.,
k0  kF  n.
For the disorder average over many point contacts it is
most convenient to use transfer matrices to calculate the
current. The transfer matrix Tj (j = 1, . . . , N) relates
the states on the left side of the jth point contact to
those on its right side,
Tj(µ) = 1
1− Tj cos2(θ + ϑj)
(
A B
−B∗ A∗
)
(14)
A =
( √
1− Tj −i
√
Tj sin(θ + ϑj)
−i√Tj sin(θ + ϑj) √1− Tj
)
B = cos(θ + ϑj)
(−Tj sin(θ + ϑj) i√(1− Tj)Tj
−i√(1− Tj)Tj Tj sin(θ + ϑj)
)
,
in the basis (ψU+, ψL+, ψU−, ψL−). The total transfer
matrix T˜N for transport through N point contacts can
be determined from the following recursive relation [9]
T˜1 = T1, T˜j = T˜j−1PjTj , (15)
where Pj = diag
(
eiφj , eiφj , e−iφj , e−iφj
)
is a diagonal
transfer matrix that describes free propagation between
the contacts at positions xj−1 and xj , and results in dy-
namical phases φj = ∆xjµ/vF for right-movers and −φj
for left-movers, where ∆xj = xj −xj−1. The total trans-
fer matrix has a general structure
T˜j =
(
λj ρj
−ρ∗j λ∗j
)
λj =
(
aj iajbj
iajbj aj
)
, ρj =
(
cj icj/bj
−icj/bj −cj
)
(16)
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FIG. 3. Charge puddles in a narrow 2D topological insulator
between two edges can form tunnel paths at random positions
xj and with random tunnel amplitudes γj . Tunneling leads to
localization, with a localization length which depends strongly
on the spin rotation angle θ(µ).
with two complex parameters aj , cj and a real parame-
ter bj . Products of these transfer matrices always repro-
duce this structure. The lower right component of the
transfer matrix is the inverse of the transmission matrix
tj = (λ
∗
j )
−1 which is connected to the dimensionless con-
ductance through j contacts as G˜j(µ) = Tr(t
†
jtj) [31].
Equation 15 leads to a recursive relation expressing the
conductance through j contacts in terms of the product
of the conductance through j − 1 contacts, the conduc-
tance of the jth contact, as well as a phase dependent
term
G˜j = G˜j−1
Gj
2G0
∣∣∣∣1 + cj−1aj−1bj−1√Tj cos(θ + ϑj)e−2iφj
∣∣∣∣−2
(17)
where Gj = 2G0 − 2G0Tj cos2(θ + ϑj) and G˜0 = 2. We
take the logarithm of the whole equation and solve it re-
cursively. Averaging both sides over the phases φj yields
for the total conductance of all N contacts,
〈log(G˜N/2)〉φ = log
(
GN
2G0
)
+ · · ·+ log
(
G1
2G0
)
. (18)
Furthermore, taking the average over the tunnel proba-
bilities Tj and angles ϑj renders all the logarithms on the
right side equal. Comparing the resulting equation
〈log(G˜N/2)〉 = N
〈
log
{
1− T cos2 [θ(µ) + ϑ]}〉 (19)
with 〈log(G˜N/2)〉 = −L/` allows us to define the local-
ization length as [9, 32, 33]
`−1 =− lim
N→∞
n
N
〈
log(G˜N/2)
〉
=− n 〈log {1− T cos2 [θ(µ) + ϑ]}〉 . (20)
If the tunnel probabilities are small (Tj ≈ 0), spin flip
tunneling is suppressed (ϑj ≈ 0) and Tj and ϑj are sta-
tistically independent variables we can approximate the
logarithm to linear order and obtain
`−1 = n〈T 〉 cos2 [θ(µ)] . (21)
This means a change of θ(µ) can change the localization
length in the interval 1/(n〈T 〉) < ` < ∞. In particular,
an infinite localization length can be reached even in the
presence of tunneling for θ(µ) = pi/2.
5V. CONCLUSIONS
To summarize, we have investigated narrow two-
dimensional topological insulators where the helical liq-
uids on the two opposite edges have different spin tex-
tures. In this case, the spin axes of two particles on the
upper and lower edges at the Fermi energy µ are tilted by
an angle θ(µ). This angle can be tuned in experiments,
e.g., by applying a perpendicular electric field gradient.
We have considered a system where the edge states are
coupled locally by one or several tunnel contacts. For two
tunnel contacts, interference effects in the two-terminal
conductance make it possible to determine θ(µ). Many
random contacts lead to localization of the edge states
with a strong dependence of the localization length on
θ(µ). These effects could be used in experiments to map
the spin-structure of the helical edge states.
ACKNOWLEDGMENTS
We would like to acknowledge stimulating discussions
with C. Bruder. This work was financially supported
by the Swiss NSF and the NCCR Quantum Science and
Technology.
[1] X. Qi and S. Zhang, Rev. Mod. Phys. 83, 1057 (2011)
[2] M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045
(2010)
[3] C. L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 146802
(2005)
[4] B. A. Bernevig and S. Zhang, Phys. Rev. Lett. 96, 106802
(2006)
[5] C. L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 226801
(2005)
[6] C. Xu and J. E. Moore, Phys. Rev. B 73, 045322 (2006)
[7] C. Wu, B. A. Bernevig, and S. Zhang, Phys. Rev. Lett.
96, 106401 (2006)
[8] J. Maciejko, C. Liu, Y. Oreg, X. Qi, C. Wu, and S. Zhang,
Phys. Rev. Lett. 102, 256803 (2009)
[9] P. Delplace, J. Li, and M. Bu¨ttiker, Phys. Rev. Lett. 109,
246803 (2012)
[10] B. Zhou, H.-Z. Lu, R.-L. Chu, S.-Q. Shen, and Q. Niu,
Phys. Rev. Lett. 101, 246807 (2008)
[11] A. Stro¨m and H. Johannesson, Phys. Rev. Lett. 102,
096806 (2009)
[12] C.-Y. Hou, E.-A. Kim, and C. Chamon, Phys. Rev. Lett.
102, 076602 (2009)
[13] J. C. Y. Teo and C. L. Kane, Phys. Rev. B 79, 235321
(2009)
[14] C. Liu, T. L. Hughes, X.-L. Qi, K. Wang, and S.-C.
Zhang, Phys. Rev. Lett. 100, 236601 (2008)
[15] C.-X. Liu, J. C. Budich, P. Recher, and B. Trauzettel,
Phys. Rev. B 83, 035407 (2011)
[16] T. L. Schmidt, Phys. Rev. Lett. 107, 096602 (2011)
[17] F. Dolcini, Phys. Rev. B 83, 165304 (2011)
[18] Y.-W. Lee, Y.-L. Lee, and C.-H. Chung, Phys. Rev. B
86, 235121 (2012)
[19] G. Dolcetto, S. Barbarino, D. Ferraro, N. Magnoli, and
M. Sassetti, Phys. Rev. B 85, 195138 (2012)
[20] J. M. Edge, J. Li, P. Delplace, and M. Bu¨ttiker, Phys.
Rev. Lett. 110, 246601 (2013)
[21] B. Skinner, T. Chen, and B. I. Shklovskii, Phys. Rev.
Lett. 109, 176801 (2012)
[22] J. I. Va¨yrynen, M. Goldstein, and L. I. Glazman, Phys.
Rev. Lett. 110, 216402 (2013)
[23] T. L. Schmidt, S. Rachel, F. von Oppen, and L. I. Glaz-
man, Phys. Rev. Lett. 108, 156402 (2012)
[24] D. G. Rothe, R. W. Reinthaler, C. Liu, L. W.
Molenkamp, S. Zhang, and E. M. Hankiewicz, New J.
Phys. 12, 065012 (2010)
[25] B. A. Bernevig, T. L. Hughes, and S.-C. Zhang, Science
314, 1757 (2006)
[26] I. Knez, R.-R. Du, and G. Sullivan, Phys. Rev. Lett. 107,
136603 (2011)
[27] R.-L. Chu, J. Li, J. K. Jain, and S.-Q. Shen, Phys. Rev.
B 80, 081102 (2009)
[28] P. Virtanen and P. Recher, Phys. Rev. B 83, 115332
(2011)
[29] F. Romeo, R. Citro, D. Ferraro, and M. Sassetti, Phys.
Rev. B 86, 165418 (2012)
[30] M. Ko¨nig, M. Baenninger, A. G. F. Garcia, N. Harjee,
B. L. Pruitt, C. Ames, P. Leubner, C. Bru¨ne, H. Buh-
mann, L. W. Molenkamp, and D. Goldhaber-Gordon,
Phys. Rev. X 3, 021003 (2013)
[31] H. Bruus and K. Flensberg, Many-Body Quantum Theory
in Condensed Matter Physics (Oxford University Press,
2004)
[32] P. W. Anderson, D. J. Thouless, E. Abrahams, and D. S.
Fisher, Phys. Rev. B 22, 3519 (1980)
[33] J. Pendry, Advances in Physics 43, 461 (1994)
